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Abstract 

In [Math. Meth. Appl. Sci. 19 (1996) 53-62], C. Marchioro examined the 
problem of vorticity confinement in the exterior of a smooth bounded domain. The 
main result in Marchioro's paper is that solutions of the incompressible 2D Euler 
equations with compactly supported nonnegative initial vorticity in the exterior of a 
connected bounded region have vorticity support with diameter growing at most like 
C(i( 1 / 2 ) +e ), for any e > 0. In addition, if the domain is the exterior of a disk, then the 
vorticity support is contained in a disk of radius 0(t l / z ). The purpose of the present 
article is to refine Marchioro's results. We will prove that, if the initial vorticity is 
even with respect to the origin, then the exponent for the exterior of the disk may be 
improved to 1/4. For flows in the exterior of a smooth, connected, bounded domain 
we prove a confinement estimate with exponent 1/2 (i.e. we remove the e) and in 
certain cases, depending on the harmonic part of the flow, we establish a logarithmic 
improvement over the exponent 1/2. The main new ingredients in our approach are: 
(1) a detailed asymptotic description of solutions to the exterior Poisson problem 
near infinity, obtained by the use of Riemann mappings; (2) renormalized energy 
estimates and bounds on logarithmic moments of vorticity and (3) a new a priori 
estimate on time derivatives of logarithmic perturbations of the moment of inertia. 

1 Introduction 

Two-dimensional incompressible ideal flow can be described as the active transport of 
vorticity, see [3]. Vorticity with changing sign may scatter through the divergent motion 
of soliton-like vortex pairs, see the discussion in [S] and references there contained, but 
single-signed vorticity tends to rotate around, and spreads very slowly. Studying the rate 
at which single-signed vorticity spreads is the problem of vorticity confinement. 

In 1996, C. Marchioro presented some results concerning vorticity confinement in the 
case of exterior domain flow, see jTTj. Marchioro observed cubic-root confinement in the 
case of the exterior of a disk, i.e. single- signed, compactly supported, vorticity has its 
support contained in a space-time region whose diameter grows like the cubic-root of time. 
This result follows from the proof of similar cubic-root confinement obtained previously 
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by Marchioro for full plane flow, see ^0]- For flows in the exterior of a general connected 
domain, Marchioro proved (l/2+e)-root confinement. The purpose of this article is to refine 
Marchioro's estimates. Our main result is unqualified square-root confinement for exterior 
flow. We improve this estimate to a logarithmic refinement of square-root confinement 
under certain conditions on the harmonic part of the flow. In addition, we prove almost 
fourth-root vorticity confinement in the exterior of a disk if the initial vorticity is even 
with respect to its center. Technically, we begin with the construction of a conformal 
map between the exterior of a general domain and the exterior of the unit disk, which 
behaves nicely up to the boundary, taken from [Jj. This conformal map is used to obtain 
explicit formulas for the Green's function of the exterior domain, the Biot-Savart law and 
the harmonic part of the velocity. We then prove a priori estimates: first, a renormalized 
energy estimate, next, in some cases, estimates on logarithmic moments of vorticity, and 
finally an estimate of linear growth in time for logarithmic perturbations of the moment 
of inertia. Finally, we use these a priori estimates to obtain our confinement results. 

From a broad viewpoint, the problem of confinement is related with scaling. Roughly 
speaking, scaling in an evolution equation is determined by the behavior in time of the 
radius of effective influence of a small localized perturbation. For a parabolic system, the 
scaling is x ~ \fi and for a hyperbolic system it is x ~ t. Incompressible ideal flow has 
interesting behavior at hyperbolic scaling, i.e. waves, but this requires vortex pairs, and 
therefore vorticity changing sign, see El Hj for details. One important issue is whether 
there is a natural scaling associated with incompressible, ideal 2D flow with distinguished 
signed vorticity. Confinement estimates explore this issue of scaling, and therefore, are 
useful in studying the qualitative behavior of solutions. For example, confinement estimates 
have been used in the rigorous justification of point vortex dynamics as an asymptotic 
description of the dynamics of highly concentrated vorticity, see [T4*l ITH] and in the results 
on vortex scattering in [HUH]. In addition, the issue of confinement has attracted attention 
in other contexts, such as confinement for slightly viscous flow, see for axisymmetric 
flow, see [TJ EH], for the Vlasov-Poisson system, see [2], and for the quasigeostrophic 
system, see [P2] . 

The point of departure on vorticity confinement research is the 1994 article ^H], by C. 
Marchioro, in which he proved cubic-root confinement for flows in the full plane. Marchioro 
used in an essential way the conservation of the moment of inertia, which is associated 
to the rotational symmetry of full plane flow. This result was improved, independently 
by Ph. Serfati, and by D. Iftimie, T. Sideris and P. Gamblin, see jjj, to nearly 
fourth root in time. The improvement relied on using, in addition to the moment of 
inertia, conservation of the center of vorticity, which is associated to the translational 
symmetry of the plane. However, scaling should be a robust qualitative property, and not 
dependent on the presence of symmetry. One of the main points of this article is to further 
explore the role that symmetry has in the problem of confinement. To this end we break 
symmetry by considering exterior domain flows, both in the exterior of a disk, where only 
translational symmetry is broken and in more general exterior domains, where translational 
and rotational symmetry are broken. We begin with the following two questions: (1) Is 
it possible to use the center of vorticity to improve Marchioro's estimate for the exterior 
domain in the same way that Serfati, Iftimie, Sideris and Gamblin did in the full-plane case? 
(2) Given that, without symmetry, there are no conserved quantities, is it still possible to 
find quantities which remain bounded in time and that could play the role of the moment 
of inertia for confinement estimates? Perhaps our most important result is negative - we 
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have not found coercive quantities like the moment of inertia for which we could prove 
boundedness or slow growth. We proved boundedness for logarithmic moments of vorticity 
related to conservation of energy and we proved that certain logarithmic perturbations of 
the moment of inertia grow at most linearly in time. Using these estimates we obtained 
small improvements over Marchioro's original estimate. Our results support the roughly 
parabolic natural scaling for incompressible ideal two-dimensional flow with distinguished 
signed vorticity, obtained originally by Marchioro. 

The remainder of this paper is divided into five sections. In Section 2 we set up the 
problem and we collect preliminary information on Riemann mappings and the Laplacian 
in an exterior domain. In Section 3 we derive a renormalized energy estimate and we prove 
that, under appropriate hypothesis', boundedness of a logarithmic moment of vorticity can 
be deduced from the energy estimate. In Section 4 we obtain a linear-in-time estimate 
for logarithmic perturbations of quadratic moments of vorticity. In Section 5 we use the 
estimates deduced in Sections 3 and 4 to obtain new confinement estimates for flows in the 
exterior of a general connected domain. Finally, in Section 6 we consider flow induced by 
even vorticity in the exterior of a disk, obtaining nearly fourth-root confinement. 



2 Preliminaries on exterior domain flow 

The purpose of this section is to collect information on exterior domain flow, particularly 
the discussion on Riemann mappings and solutions of the Dirichlet and Poisson problems 
in an exterior domain developed in [3], supplementing the available results as required. 

We begin by discussing the asymptotic behavior, near infinity, of solutions to a 2D 
exterior domain Poisson equation. Let r C M 2 be a smooth Jordan curve dividing the 
plane into a bounded connected component Q and an unbounded connected component 
denoted Q c . For x G T, denote by n(x) the unit exterior normal to Q c at x. Note that 
both Q and Q c are open. The Green's function for the Laplacian in Q c is denoted by G^. 
We consider uj e C£°(O c ) and we introduce: 

i){x) = j G n c(x,y)u(y)dy. (1) 

Let S = {\x\ = 1} and D c = {\x\ > 1}. Denote the inversion with respect to S by 
x i— ► x* = x/\x\ 2 . The Green's function in the case of the exterior of the unit disk can be 



written explicitly as: 

G D c(x,y) = -!-lo, ' 



2vr \x-y*\\y\' 

It is easy to obtain detailed information on the asymptotic behavior of ip and its derivatives, 
in the case of the exterior of the disk, by means of the representation formula above. The 
objective of this section is to obtain similar information for general exterior domains. We 
begin with a version of Lemma 2.1 of |3]. 

Lemma 1 There exists a conformal mapping T : Q c —>■ D c extending continuously up to 
the boundary, mapping T to S. Furthermore, there exist (3, a positive real number, and h, 
a bounded holomorphic function in Q c , such that 

T(z) = (3z + h(z). 
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In addition, there exists a constant Mi > such that \h'(z)\ < M\/\z\ 2 , \h"(z)\ < Mi/\z\ 3 . 
Furthermore, if T is regarded as a real mapping between Q c and {\z\ > 1}, then we have 
\\DT\\l°° < M i an d ll-DT- 1 !!^ < M x . 

Proof: Most of the facts claimed above are either proved in Lemma 2.1 of [4 j or in 
the remark following it. One modification is that j3 can be assumed positive, which we 
can obtain by composing T with a rotation, if necessary. The only other difference is 
the estimate on h" which follows by differentiating the relation h'(z) = —(l/z 2 )g'(l/z), 
together with the fact that, by construction, g' and g" are bounded. 

I 

It is easy to verify that, if xq G D c and satisfies A0 = 8{x — xq) in a neighborhood 
of xq, then = o T satisfies A0 = 8(y — T~ 1 (x )) in a neighborhood of T~ 1 (x ). We use 
this fact on the Green's function Ge>c in order to write: 

We now formulate precisely the initial value problem for incompressible fluid flow in 
an exterior domain. In this, we follow Section 3.1 of j3j. Let us denote by u = u(x,t) = 
(ui(xi, x 2 , t), u 2 (xi, x 2 , t)) the velocity of an incompressible, ideal fluid flow in the exterior 
domain Q c . We assume that u is tangent to V and u — > when \x\ — > oo. The evolution 
of such a flow is governed by the Euler equations. We write the initial-boundary value 
problem as: 

Ut + u ■ Vu = — Vp in Q c x (0, oo) 
div u = in f2 c x [0, oo) 

u ■ h = in T x [0, oo) (3) 

liniia^oo u = for t G [0, oo) 

u(x, 0) = Uq{x) in Q c , 

where p = p(x, t) is the scalar pressure. If uq is sufficiently smooth, global well-posedness 
of this problem was proved by K. Kikuchi in [Sj. 

We introduce to = curl u, the vorticity of the flow. Vorticity satisfies the transport 
equation: 

u t + u ■ Vu = 0, in Q c x (0, oo). 

Our purpose is to reformulate problem (JSJ in terms of vorticity. In order to do this 
we require a version of the Biot-Savart law, which recovers velocity from vorticity. Since 
Q c is not simply connected, we must use Hodge-deRham theory (see |18j). Recall that 
a harmonic vector field in fl c is a divergence-free, curl- free vector field tangent to T and 
vanishing at infinity. By Hodge's Theorem, the vector space of harmonic vector fields, in 
our setting, is one-dimensional, see Section 2.3 in j3j. Therefore, every harmonic vector 
field is a multiple of a unique harmonic vector field, denoted Hqc, defined by requiring that 

Hqc ■ ds = 1. 

r 

(Throughout this paper circulation will be computed in the counterclockwise orientation.) 
We recall identity (2.11) in which gives an explicit expression for Hqc in terms of T. 
We have 

H n Jx) = ^ log|T(,)| = i g^S = ± DT\x)(T(x))- 
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With this notation we can show that there exists a6l such that: 



u = + aH Q c, (5) 

where if) is the stream function introduced in (pQ). Indeed, by (jHJ, V^ip vanishes at infinity 
and, since if> vanishes on T, V^-ip is tangent to T. Clearly V ± if> is divergence-free and its 
curl is u. Thus u — V L ip is a harmonic vector field, which must then be a real multiple of 
Hqc, (see jU Proposition 2.1]). 

In the language of Hodge theory, the vector field aH^c is called the harmonic part of 
the flow u. In principle this harmonic part is time-dependent, but as a consequence of 
Kelvin's Circulation Theorem, it is actually a constant of motion. 

Lemma 2 If u is a solution of (0) then a is constant in time. 

This is Lemma 3.1 in |4J. More precisely, let u be such that curl u is compactly 
supported and set ujq = curl uq. Then 



a = / uq ■ ds + / uj dx. (6) 
Jr Jq c 

With this notation the vorticity formulation of the initial-boundary value problem (J3J) 

is: 

u t + u ■ Voo = in £T x (0, oo) 

u = V^-ip + aHnc in Q c x [0, oo) , , 

ifj{x,i) = j nc G n c(x,y)uj{y,t)dy in tt c x [0, oo) " 
u(x, 0) = o; (x) in fl c . 

The fact that vorticity is transported by a divergence free vector field implies that its 
L p -norm is conserved for any 1 < p < oo. 

We will also require information on the time- dependent stream function if) = ip(-,t), 
defined by ((TJ) with to = u(-,t). 

Lemma 3 There exists a constant C = C(t) > 0, depending on the diameter of the support 
of u(-,t) such that 

sup \ip{x,t)\ < C(t). 
xen c 

Proof: We repeat the argument leading to relation (4.10) in ,4], substituting oj t by lu, to 
obtain 



O 



^( x ,t) + ^- I log \T(y)\u{y,t)dy 
2tt J n c 

Since u(-,t) has compact support, the conclusion follows. I 
In addition, we recall estimates (2.8) and (4.11) of [4 : 

\W(*,t)\<TW and |V^(x,t)|<^, (8) 
where, again, C{t) > depends on the diameter of the support of u(-,t). 
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3 Generalized energy and logarithmic moment 



The purpose of this section is to derive a new a priori bound on the logarithmic moment 
of vorticity, in terms of global conserved quantities of the flow. Our point of departure 
is the exact conservation of an energy-like quantity which we will call generalized energy. 
To define this quantity, let us consider u = u(x,t) a smooth solution of problem (JHJ) with 
compactly supported vorticity. Using (jSJ) and (jSJ) we conclude that: 

v(x,t) = u(x,t) — aHnc(x) = (V ± i/j)(x, t) = C(l/|x| 2 ), when |x| — > oo. (9) 

Definition 4 We define the generalized energy E by: 

E= 0| 2 + 2aH Q c ■ v)dx. 



The observation on the asymptotic behavior of v as \x\ —>■ oo allows us to conclude that 
E is finite. Indeed v is 0(|x| -2 ) and from (j3J) and Lemma^the vector field Hq c is 0(|x| _1 ) 
so that the integrand above is 0(|x| -3 ) which is an integrable function at infinity. 

Proposition 5 The generalized energy E is a constant of motion for smooth flows on Q c . 

Proof: We begin this proof by noting that, thanks to (jHJ), for each fixed time t > we 
have 

\ut(x, t)\ = \vt(x,t)\ = |V" L ^(a;, t)\ = C(l/|x| 2 ), as |x| — > oo. 

The construction of H^c given in (j3J) implies that \DHqc\ = 0(l/\x\ 2 ) as \x\ — ► oo. 
Hence, the same argument used above for u t yields the conclusion that \Du\(x,t) = 
0(l/\x\ 2 ) as well. Equation (JHJ) implies that the same conclusion holds for the behav- 
ior of \Vp\ at infinity. By integrating along rays, recalling that p is only defined up to a 
constant, we can conclude that p = 0(l/\x\) as \x\ — > oo. 

We use the velocity formulation (J3J), and Lemma El to compute the time derivative of 
E as follows: 

dE f 

— = / (2v ■ v t + 2aH n c ■ v t )dx 
at Jqc 

= 2 lim / [— v(u ■ Vm + Vp) — aH^c{u ■ Vw + Vp)] dx, 

R -^°° Jb{0;R)\Q 

= —2 lim I / u ■ (u ■ Vu)dx + u ■ Vpdx 

R-+oo \J B (0;R)\n JB(0;R)\n > 

= -2 lim (Xi + J 2 ) 
We estimate these integrals: 

X\—\ div — - — dx = I -rr u ' ~dS + / — ^— u ■ ndS = O ( — ) 

and 



B(0;R)\Q * J\x\=R 



2 R J r 2 \R 2 J 



T 2 — I div (up)dx = j p(u ■ -j^)dS + j p(u ■ n)dS — O ( — J 

JB(0;R)\n J\x\=R R Jr \RJ 
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Thus, dE/dt = 0, as we desired. I 

Instead of estimating the logarithmic moment of vorticity directly we will estimate a 
quantity that resembles the logarithmic moment, but which is adapted to the geometry of 
the domain under consideration. Recall that T is the conformal map that takes Q c into 
the exterior of the unit disk. We introduce the modified logarithmic moment of vorticity 
by: 

L(t) = -j- [ (]og\T(y)\)u(y,t)dy. (10) 

Throughout the remainder of this paper we will assume that u>q is smooth, nonnegative 
and compactly supported. Since uj is a solution of a transport equation with smooth 
velocity, it remains compactly supported and nonnegative for positive time. The total 
mass of vorticity is a conserved quantity and we denote it by 



m = I uj (x)dx = / u)(x,t)dx. 

Theorem 6 If either a < or a > m then there exists a constant M 2 > such that 
L{t) < M 2 . 

Proof: We first rewrite the generalized energy in terms of vorticity. By Q and (jlj) we 
have 

E= \v\ 2 + 2aH n c ■ vdx = / V ± ip-vdx + - (V x log \T(x)\) ■ vdx 

= — ipuodx — — / log \T(x)\u>dx, 

where the boundary terms vanish since, on T, ip and log \ T\ vanish, and at infinity we have, 
by LemmaOl that if) is bounded and, by (JHJ), that v decays like 0{\x\~ 2 ). 
Using (^) and (J2J), we rewrite the energy in the following way: 

f f \T(x) - T(y)\ f 

-2ttE = J J log _ T u{x,t)u{y,t)<tody + 2a J log \T(x)\u)(x, t)dx, 

where, in the three integrals, the domain of integration is Q c . Therefore we have 

-2,E = // log |T(.) - TbM*, t M y, t)^y + 2(a - m) / log |r (st ) K ,, t )ix+ 

+ J J log u,(x,t)u,(y,t)dxdy. (11) 



We begin by observing that the last integral on the right-hand- side of (jTTjl is bounded 
independently of time. Indeed, if Zi,z% G K 2 with \z 2 \ > 1 and \zi\ > 2 then we have that 

2|2i| > + \zo\ > \z\ — zV\ > l^i I — Izol ^ l- 2 i|/2- 
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Applying this inequality with z\ = T(x) and z 2 = T(y) yields 
\T(x)\ 



log 



\T(x)-T(y)> 

< m 2 log 2 + 

< 2m 2 log 2 + 



uj(x, t)u(y, t)dxdy 
log 



\T(x) 



?u)(x, t)uj(y, t)dxdy 



nn\<2J \T(x) - T{y)* 

log \T(x) — T(y)*\ \ u(x, t)uj(y, t)dxdy 



l<|T(x)|<2 



< 2m 2 log 2 + || CO To 



|log|T(x) -T(y)*\\dx io(y,t)dy 



l<|T(x)[<2 



< 2m 2 log2 + m||cj|| L oc( sup | det DT(T^ 1 (rj))\^ 1 ) / | log 



V\\dv, 



where we used the boundedness of derivatives of T and T _1 stated in Lemma Q This 
establishes the desired time-independent bound. 
Next we decompose Q c x Q c as 

Q c x tt c = {Q c xQ c n {\T{x) - T(y)\ < 1}) U {Q c x Q c n {|T(x) - T{y)\ > 1}) = A x U A 2 . 

An argument similar to the one carried out above implies that 

log \T(x) - T(y) \u(x, t)u(y, t)dxdy 

< m||cj|| L oo sup \&etDT(T- 1 (r]))\- 1 I \\og{\r]\)\dr] . 

\v\>l ^|»7|<l 

These estimates, together with and conservation of energy imply that 

T(t)= // log|T(x) -T(y)\u(x,t)u(y,t)dxdy + 2(a-m) / log\T(x)\u(x,t)dx (12) 
J Ja 2 J 

is bounded independently of time. Now, if a > m both terms are nonnegative and the 
logarithmic moment bound follows immediately. 

Lastly, we treat the case a < 0. Since |T(x)|, |T(y)| > 1 it follows that 



log \T{x) -T(y)\< log \T(x) | + log \T(y) \ + log 2. 



Therefore, 



< m 2 log 2 + 2m / log \T(x)\uj(x,t)dx, 



log \T(x) - T(y) \u(x, t)uj(y, t)dxdy 

which, together with the boundedness of X concludes the proof. I 

We conclude this section with an estimate which applies to the extreme case a = 0. We 
do not have a logarithmic moment bound in this case, but we can prove another estimate 
which we will be able to use in place of a logarithmic moment bound in the analysis that 
follows. 



8 



Lemma 7 Assume that a = 0. Then there exists a constant M3 > such that 

log ( .jj/f'^yj. l w(MMl/, t)dxdy < M 3 . 



Proof: First recall the definition of I(t) given in ()12j) . Next observe that, if a = 0, then 
the integral we wish to estimate is equal to 

-T{t) - J J log |T(x) - T(y) \uj(x, t)u(y, t)dxdy, 

in this case. Finally, the proof of Theorem El shows that both of these terms are bounded 
independently of the choice of a. I 

Remark 8 If either a < or a > m, then there exists a constant M 4 > such that 

[ [ [logmin(|T(x)|, \T{y)\)]u{x,t)u{y,t)dxdy < M 4 . (13) 

Indeed, if a < or a > m then the relation above is an immediate consequence of Theorem 
IH1 If a = 0, then (j!3|) follows from Lemma [7| after we observe that 

lQg ( \T(x)\\T(y)\ \ > bg fmm(\T(x)\, \T(y)\) 



]T(x)-T(y)\J " b V 2 

4 Other moment bounds 

The purpose of this section is to derive bounds on logarithmic perturbations of the moment 
of inertia, which will later be used to improve Marchioro's confinement estimate. We begin 
with a technical lemma regarding the conformal map T. 

Lemma 9 Let i,j/6 Q c . We have 

\T(x) ■ (Tiy))^ < min{|T(x)|, \T(y)\}\T(x) - T(y)\, (14) 

and there exists M s > such that 



\\T'(x)f - \T'(y)\ 2 \ < M 5 J^^nff' (15) 

mm{|T(a;)|, \T(y)\} 2 

Proof: Let us first prove (fT4*|) . We observe that 

\T(x) ■ (T(y))^\ = \(T(x)-T(y)) ■ (T(y))±\ < \T(x) - T(y)\\T(y)\. 

Similarly, 

\T(x) ■ (T(y))^\ = \T(x) ■ (T(x)-T(y))^\ < \T(x) - T(y)\\T(x)\. 
Hence, ()14j) follows from both these inequalities. 
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Next we prove (|15jl . We use Lemma Q to compute 

||T'(*)| 2 - \T\y)\ 2 \ = \2(3Re{h\x) - h\y)) + \h\x)\ 2 - \h\y)\ 2 \ 
<C\h'(x)-h'(y)\ + \\h'(x)\ 2 -\h'(y)\ 2 \ 
<C\h'(x)-h'(y)\(l + \h'(x)\ + \h'(y)\) 
<C\h'(x)-h'(y)\, 

since, by Lemma [TJ \h'\ is bounded. 

Therefore, to conclude our proof it is enough to show that \h'(x) — h'(y)\ is bounded 
by the right-hand-side of (fT5|) . 

We first remark that a uniform bound on the first derivatives of a map defined on Q c 
implies a global Lipschitz bound. Next note that, since, by Lemma ^ h" is bounded, the 
argument above implies that h' is globally Lipschitz and therefore \h'(x) — h'(y)\ < C\x — y\. 
Furthermore, \x — y\ < C\T(x) — T(y)\, with C being the Lipschitz constant associated to 
T _1 , and using again the global bound on the derivatives of T~ x . Therefore, if either x or 
y is contained in a ball of radius R, then 

l"'W-"'WI< c < c(B) . 



\T(x)-T(y)\ ~ ~ * ' mm{\T(x)\,\T(y)\y- 

It remains only to prove this inequality assuming both \x\ > R and \y\ > R. In this case, 
there exists a smooth path 7 : [0, 1] — > {\z\ > R}, whose length is less than 2\x — y\, and 
such that 7(0) = x, 7(1) = y. Suppose first that |x| < \y\. We can also assume that 
j(s) G {z I |x| < \z\ < \y\} for all s G [0, 1]. We then have: 



\h'{y)-h'{x)\ 



1 d 







dt h'(j(t))dt 



< \h"m)\W(t)\dt 



C T , . , C\x-y\ C\T(x)-T(y)\ 
< --r Length( 7 ) < 1 f ' < 1 



x\ 2 (min \x\, \y\) 2 (min \x\, \y\) 2 



where we have used, in the second inequality, the decay estimate for \h"\ from Lemma ^ 
A similar argument holds for \y\ < \x\. This completes the proof. I 

The final result in this section is an estimate on the growth of logarithmic perturbations 
of the moment of inertia. 

Theorem 10 There exists a constant M 6 > such that 

\T(x)\ 2 (log\T(x)\)u(x,t)dx < M 6 (l+t), 
for allt >0. Moreover, if either a < or a > m then 

i \T(x)\ 2 (\og 2 \T(x)\)u(x,t)dx < M 6 (l + t), 

for allt > 0. 

Proof: Let a : (1, 00) — ► K be a smooth function and define 

J a {t) = / a(\T(x)\ 2 )uj(x,t)dx. 
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Clearly it is enough to prove that, for the appropriate choice of a (either er(s) = s logs or 
a(s) = slog 2 s), the time-derivative of J a is bounded independently of time. We estimate 
directly 



X(t) = - / a(|T(x)| 2 ) div(uu){x,t)dx 

n c 

V(<x(|T(x)| 2 )) -u(x,t)u(x,t)dx 



V(a(|T(x)| 2 )) -v(x,t)u(x,t)dx + a / V(a(\T(x)\ 2 )) ■ H n c(x)u(x, t)dx 
= h + h- 

We begin by observing that I 2 = 0. Indeed, 

H n °(x) = ^V^logdT^)!) = ^V^loglT^)! 2 . 

Clearly, a(\(T(x)\ 2 ) and log(|T(x)| 2 ) are functionally dependent, which implies that their 
gradients are proportional everywhere. Therefore, the integrand in I 2 vanishes identically. 

Next, we estimate |Ji|. We use the explicit expression of the Biot-Savart kernel in 
equation (2.5) to write 

f { yT(x)-T(y))DT(x)]± \(T(x)-T(yy)DT(x)]± \ 
VM = I { 2.\T( x) -T(yW ) " MdV - 

We write I-y = I u — J 12 with 



In = // V(a(|T(*)| 2 )) ■ m * } T( ^^ T ^ )] ^ (x,t)^(y,t)^, 

iiffxfi' ^i 1 [ x ) — 1 {y)\ 

and 

J 12 = // V(a(|T(x)| 2 )) • [(T l g) ",y2f^f )]± ^(^*)^(y,*)^dy, 



|T(x)-T(y) 
We estimate Ji 2 first. We further decompose 



Il2— / " + / / " = ^ m + ^ 122 " 

7l<|T(a;)|<2 if^ c ./2<|T(x)| </Q c 

We have 



1-^121 1 < C* m SUp 



-<ir I < Cm||ti;||ioo sup ( / 
/ |»?|<i \Ji< 



|*7|<1 V^l<|T(x)|<2 l J W — ^| / M<1 Wl<|C|<2 IS _ V\ 

< Cm||w||£,oo / — < Cm||a;||io 

J\C\<3 Kl 

Next we treat Ji22- Suppose first that a(s) = slog 2 s. Then 

V(a(\T(x)\ 2 )) = 2a'(\T(x)\ 2 )T(x)DT(x) 

= 4[log 2 (|T(x)|) + \og(\T(x)\)}T(x)DT(x) = [o{\T{x)\)]T{x)DT{x). 
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Hence, using that T(x) = fix + 0(1) and DT(x) = j3Id+ 0(l/\x\ 2 ) (see Lemma HJ), we 
obtain, when |T(x)| > 2, that: 

IA22I = C j jjo(\T(x)\)]T(x)DT(x) ■ ^^EIMLu;( X ,t)u,(y,t)d X d y 

{|T(x)|>2} I J Wl 

which shows that I-/122I is bounded independently of time. 
A similar argument may be used in case a(s) = slogs. 

Finally, we must estimate In. First we observe that if we consider the holomorphic 
map T as a real map from M 2 to itself, we have that (vDT) 1 - = v^DT 1 . We also note that, 
by the Cauchy-Riemann relations, the matrix DT has the form 

a b 
—b a 

and therefore, DT^DT 1 ^) = det(DT(x))Id = \T\x)\ 2 Id. Consequently, 
V{a{\T{x)\ 2 ))-[{T{x)-T{y))DT{x)]^ 



2a'(\T(x)\ 2 )[T(x)DT(x)] ■ [(T(x) - T(y))^DT(x)] 
2a'(\T(x)\ 2 )[T(x)DT(x)DT t (x)] ■ (T(x)-T(y))^ 
-2a'{\T{x)\ 2 )\T{x)\ 2 T{x) - T{y)^ 



Plugging this expression in the definition of In we get 



'-11 



a'(\T{x)\ 2 )\T'(x)\ 2 T ^' T ^~ 



n\T(x)-T(y)\* 



u(x, t)u(y, t)dxdy 



[v'(\T(y)\ 2 )\T'(y)\ 2 - a'(\T(x)\ 2 )\T\x)\ 2 ] tU.U- ' W-"'// 



2ir\T(x)-T(y)\ 2 



A(x, y)uj(x, t)u(y, t)dxdy. 



To obtain the second line in the previous relation, we observed that 

T(x)-T(y) ± = -T(y)-T(x) ± 

and we symmetrized, by adding half of the integrand with half of the same expression but 
with x and y interchanged. 

We see that, to conclude the proof, it is sufficient to prove that if cr'(s) = 1 + logs, then 
\A\ is bounded by a constant and, in view of (|I5jL if cr'(s) = log 2 s + 2 logs, then \A\ is 
bounded by C + Clogmin(|T(x)|, \T(y)\). Observe next that, since A(x,y) is symmetric in 
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X 



and y, we can assume for example that |T(y)| < |T(x)|. Using Lemma El we first bound 



2n\A(x,y)\ 



[a'(\T(x)\ 2 )-a>(\T(y)f)}\T'(x)\ 2 

T(x)-T(y)- 



+ A\T(y)\ 2 )[\T'(x)\ 2 -\T'(y)\ 2 ] 



\T(x)-T(y)\* 



< M|T(x)| 2 ) - a'{\T{y)\ 2 )\\\DTf Loa — 1 P% „ + a'(\T(y)\^ ^ 



T(x)-T(y)\ ^ '\T{y)\ 

< c\a\\T{x)\ 2 ) - -'my)\ 2 )\ lT{ ^ m + c, 

where the last inequality holds since, for both choices cr'(s) = 1 + logs and cr'(s) = 
log 2 s + 2 log s, we have \a'(T(y)) \ = o(\T(y)\). 

Let us now consider the case cr'(s) = 1 + logs. We will use the elementary inequality 

|loga-logfr|< |a 7 & ' a, b>0, (16) 
mm(a, b) 

to observe that 

|<7'(|T(z)| 2 ) - y(lT(y)l a )| 1 -^M ? < 2 

l \T{x)-T{y)\ 

which implies that A is bounded. 

Finally, if cr'(s) = log 2 s + 2 logs, we use the inequality 

| log 2 a + 2 log a - log 2 b - 2 log 6] < 2\a - b\ lil^E^M (17) 

mm (a, 0) 

together with |T6|) to deduce that 

k^in^l 2 )-^^!^)! 2 )! ^^^ <12 + 81og|T(y)|<C[l + logmin(|T(x)|,|T(y)|)]. 
The proof is completed. I 



5 Dispersion of Vorticity 



In this section, we use the bounds on the logarithmic moments of inertia obtained in Section 
E]to deduce some confinements results for the support of vorticity. We start with a useful 
estimate. 

Lemma 11 Let S dVL c and ( : S — * M + be a function belonging to L 1 ^) fl L°°(S). There 
exists a constant C > such that 

|x-T(y)| dy ^ C|ICll ^ IICI1 ^ VXGR2 
and 

L W^rWl dy ~ c|lcll ^) |lcl1 ^) + cllchl ^ v|x| > L 
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Proof: The case T = Id of the first relation is Lemma 2.1]. The general case follows 
from this particular case in the following manner: 



j s] Sm\ dv< - c Lv^\ arl{z))dz 

<c\\aUJ[ ar\z))dzf 

K JT{S) J 

<ci|Cllio (s) (/ ((y)d y y. 

J s 

We used above that the Jacobians of T and T _1 lie between two positive constants to 
deduce the first and third lines; we also used the particular case T = Id to obtain the 
second line. 

The second inequality follows from the first one after we observe that if \x\ > 2 or 
\T(y)\ > 2 then \x - T(y)*\ > §, while if |x| < 2 and \T(y)\ < 2 then \x - T(y)*\ = 
\x\\x* -T(y)\/\T(y)\>\x* -T(y)\/2. I 

We prove now the following theorem. 

Theorem 12 Assume that the initial vorticity ujq is nonnegative, bounded, compactly sup- 
ported and let u(x,t) be the solution of ((Zj). There exists a constant Mj > such that the 
support of u(x,t) is confined in the set \x\ < Mj(l + 1)? . Furthermore, if either a < or 
a > m then the support of u(x,t) is confined in the set \x\ < M 7 (l + t)^ [log(2 + . 

Proof: We introduce the following parameter 9: we set 6 = 2 if either a < or a > m 
and 6 = 1 otherwise. According to Theorem there exists a constant Mq > such that 

/ \T(x)\ 2 \og e \T(x)\cu(x,t)dx< M 6 (l + t) (18) 

for all t. The conclusion of Theorem^Jis tantamount to proving that there exists a constant 
M 7 > such that the support of ui(x,t) is confined in the set \x\ < M^il+t)^ [log(2+t)]~. 

For notational convenience we assume without loss of generality that t > 2. We will 
repeatedly use in the sequel that, for a > and b e M, there exists a constant C > such 
that t 

J s a (logs) b ds < Ct a+1 (\ogt) b . (19) 

It suffices to prove that there exists a sufficiently large constant C\ such that if \x\ > 
Cit^(\ogt)~ , then 

ri ■ u(x,t) < Cit^(logt)~hx\~ 2 . 
\x\ 

This will imply that a fluid particle cannot escape the region \x\ < M 7 t^ (log t)^ for 
a sufficiently large constant M 7 . To see this we reason by contradiction, following the 
trajectory of a fluid particle in a region like |x| > Cit^(\ogt)~; we note that A • u is the 
radial velocity of said particle and we integrate the resulting ODE using |T9|) to deduce 
that the trajectory will remain in the region \x | < C 2 t2(logt)-6 for some C*2 > 0. The 
conclusion follows since C2t^(logt) _ s < M 7 t^ (logt) - ^" for some Mj > 0. 
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Let ui(x, t) = u(x, t) fLc w(x, t) dx) 1 . Since the function [1, oo) 9«h a(s) = s 2 \og e s 
is convex and the integral of vorticity is a conserved quantity, we deduce from the Jensen 
inequality that 

ail \T{x)\u(x,t)dx) < I |T(a;)| 2 log e \T{x)\u{x,t)dx < M 6 (l + t)\\iu \\ L l 

Next, one easily checks that <r _1 (p) ~ 2^ p5 (log p)~i as p — > oo. Therefore, there exists a 
constant C3 such that 

/ \T(x)\u(x,t)dx < C 3 t 5 (log t) _ i (20) 

We assume now that \x\ > C\t^(\.ogt)~ for a sufficiently large constant C\ to be 
determined later. We decompose u — v + aH^c where 

= / K(x,y)u(y,t)dy, 

where i^(a;, is the kernel from the first integral in the formula above. We first estimate 
v. From the identity 



a b 

\a\ 2 \b\ 2 



ti3, we deduce that 

\a\\b\ ' 



to,\T(x)-T(y)\\T(x)-T(y)>\ " " "* i|T(i) - T(y)\\T(x)\ 

We used above that the constant C\ may be chosen sufficiently large so as to have |T(x)| > 
2 > 2\T(y)*\. We infer that 

LwM%rr iy ' t)dy 

- C I |T(y)| 

\ T (X)\ J\T(x)-T(y)\>\T(x)\/2 \T(x) ~ T(y)\ 

C I \T(y)\ 

\T(x)\ J\T(x)-T(y)\<\T(x)\/2 

\T(x)-T(y)\ vy ' ' 

= h+h. 
Next, by (J20J) we have that 

h<T^~rr 2 [ \T(y)\uj(y,t)dy<CtH\ogt)^\T(x)\- 2 
\ J \ x )\ Jn<= 

and from Lemma ITT1 we deduce that 

h<c(f u(y,t)d y y. 

K J\T(y)\>\T(x)\/2 J 
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Next we estimate the radial component of aH^c From the explicit formula for the 
harmonic vector field H^c given in relation (J1J) and from Lemma ^ we infer that 

n • = A ■ + °(W -2 )) = °(N~ 2 )- 

|x| |x| \27r|rrp / 

According to Proposition Ell below, if the constant C\ is large enough then the term I2 is 
also 0(|a;|~ 2 ), so we finally deduce that 

ft • < |v(a;,t)| + a-^- ■ iWs) < Cth\ogt)~hx\~ 2 , 

\x\ \x\ 

with C = d. 

This completes the proof of Theorem El once Proposition ITH1 below is proved. I 



Proposition 13 Under the hypothesis of Theorem [TB we have that, for all k > there 
exists a constant M 8 > such that 

u>(x, t) dx < — 

\T(x)\>r r 

for allr > Mgt^logt) 1 ^ . 

Proof: As before we assume t > 2. 

Let us introduce the following approximation for the mass of vorticity in the region of 
interest : 

f r{t ) = J v ( |T( ^ 2 ~ r2 )^(x ; t) dx, 
where A = A(r) G (0, 1) is to be chosen later and r](s) = verifies that 

|r/(s)| < min{r]{s),e- lsl }, \rj"(s)\ < rj(s). (21) 

To simplify notation, we set r) r (x) = r] ^ T ^|, 2 ~ r J and T)' r (x) = r]' ^ ^ T ^ r f r j ■ Clearly, it 

suffices to prove that f r {t) < r~ k for r > M 8 t^ (log t) 1 * 1 and M 8 sufficiently large. 
We differentiate f r to obtain 

fr(t)= / Vr(x)d t io = — / 7] r (x)u-Vuj= / u-Vrj r uj 
Jn c Jn c Jn c 

— // V?7 r (x) • K{x,y)u{x,t)uj(y,t) dx dy. 

We used above that Vr? r ■ -£fo c = pointwise; this follows after noticing that the first term 
is proportional to V|T| while the second one is proportional to V^T). Using the explicit 
formula for K(x, y) we finally obtain that 

= A SS rj' r (x)[T(x)DT(x)] ■ [K{x,y)DT{x)] ± u{x,t)u(y,t) dxdy, 
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where 



K(x,y) 



T(x)-T(y) T(x)-T( y y 



\T{x)-T{y)\ 2 \T{x)-T{y)*\* 

From Lemma ^ one can deduce that DT = (31 d + O {jf^y^J ■ On the other hand, Lemma 
ITT1 implies that J QC \K(x, y)\u(y, t) dy < C. We infer that 



Xr 2 



r]' r (x)T(x) ■ K(x, y) x oj(x, t)uj{y, t) dx dy < 



C 
Xr 2 



\T(x)\ 



u(x, t) dx 



Using (j2U), for |T(a;)| < we bound &r < while for \T(x)\ > we bound 

Vr( x ) 

\T(x) 



< r] r {x)y/2/r. This implies that 



where 



J 



Xr 2 



*fr(t)<J+-^fr(t) + -^e-^. 



ril(x) T{x ^ T{x) T \f ] u(x, t)u(y, t) dx dy 
n c xn c \ 1 \ x ) ~ 1 \y)\ 



(22) 



(23) 



= Ji + J 2 . 



We bound first J 2 . Clearly we may assume, without loss of generality, that r 2 > 8. 
We decompose the integral in J 2 into an integral over {|T(x)| < 2} and an integral over 
{|T(x)| > 2} and we write J 2 = J 2 \ + J 22 for each portion. 

Now, if |T(x)| < 2 < r/y/2 we estimate 



vU x ) 



T(x) ■ [T(x) - T( y y 



U|2 



\T(x)-T( y y 
Hence, by Lemma fTTl we have 



r]' r {x) 



T(y)*-[T(x)-T(y)*) 



\T(x)-T(y)*\ 2 



< 



e 2A 



\T(x)-T(y)*\ 



\J 2 i\<C^e-^. 
Next, if \T{x)\ > 2 then, since \T(y)*\ < 1, we find 



\T(x)-[T(x)-T( y y 
\T(x)-T( y y\ 2 



\t(x) ■ rat 

\T(x)-T( y y\ 2 ~ \T(x) 



< 



Hence, after further decomposing the integral in J 22 , we repeat the argument used to obtain 
to find 

\J 22 \<^e-^ + ^f r (t). 
Xr z Xr A 

Putting these two estimates together we infer that 



\M<£ 3 fr(t) + ^, 



(24) 
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We now turn to the estimate of J\. Using the change of variables (x,y) <-> (y,x) we 
next write 

P 2 



2Ar 2 

where 



J i = ox - // L(x,y)cj(x,t)u(y,t) dx dy (25) 



L<. x ,y) = H(x)-€(y)\ T(x) - [T(x) - T(v)] ~ 



\T(x)-T(y)\i 

We divide the domain of integration Q c x Q c in three (overlapping) pieces: A = 
{\\T(x)\-\T(y)\\>r/4},B = {\T(x)\ and \T(y)\ # (r/2, 3r/2)} and C = {|T(a;)| and |T(y)| G 
[r/4, 5r/4]}. Clearly O c xff = J 4UBUC. 

For (x, i/) 6 A we use ((Hj) and (|2*T|) to bound 

|L(ar,j/)| < [^(x)+^d/)]miB[|r(z)|,|T(j/)|]i < + 7^(i/)|T(z)|]p 

so that, in view of 1)2 



9A/ , iL^^Kx^V^O^^^C^^logt)^. (26) 



In the region B, as a consequence of (|2*TJl both an d ^(z/) are l ess than e" 

Therefore, by Lemma fTTI 

P 2 



4A . 



2Ar 2 



(27) 



|L(x, i/) |u;(x, t)u>(y, t) dx dy 

- L |T(x) 1 ( L iT(x)-T (y) r (2/ ' t} ^H*- t} rfx 

— - r 

< C— — / T x )\u (x,t )dx 

Ar 2 J^c 

__3_ 

e 4A i e 

< C-^f (logt)->. 

Next, by the mean value theorem, relation (|21jl and since 77 is increasing, one has that 

= 3^ W (01 < 3^ tw) +r] r (y)], 

for some £ between ^ T ^ 2 ~ r and ^ T ^|, 2 ~ r . Therefore, in view of p4j1 . for (x, y) E C we 
can bound 

||T(x)| 2 -|T(y)| 2 | r , min[|r(,)|,|r(t/)|] 25 

iM^yjl < J 7^ L Wr(g)+W)] | T ( g )_ T ( y )| ^ 8A^W + W)j 

so that 

^\L(x,y)\uj(x,t)u(y,t)dxdy<^-^f r (t)f u(x,t)dx < .„ C J . t / r 6 (28) 



2Ar 2 J ^ 1 * v " v«w ■ »- 8AV»" rw y|T(.)|> i "AVMogV 

where we used fll8jl to bound the mass of vorticity in the region |T(x)| > r/4 by M%(1 + 
i)16r~ 2 [log(r/4)]~ 9 . 
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Collecting relations ()22jl to ()28j1 we finally deduce the following differential inequality 
verified by f r : 



i i 

/ I 2 ~i~ \ p 2A 2 

^ 3 n ^ + x2 4i s- ) + C 77T^' * ^ 2 - 

v Ar 3 (logt)2 A 2 r 4 log p r/ Ar(logt)a 

Since w(-,2) is compactly supported, choosing r sufficiently large one has that f r (2) < 
e~^\\uo\\ii. Applying the Gronwall lemma in the inequality above for t > 2 and using 
flTjj) . we deduce that there exists a constant C\ such that 



. 3 



ts \ ( Cits dt 1 1 

fr(t) <Ci 1 + — ^ exp - -i . + 



Ar(logt)!' V Ar 3 (logi)l A 2 r 4 logV 2 A 
We finally choose A = 4wl ^ gr and r sufficiently large such that 

Cttl C x t 2 1 

+ ~ . a < 



Ar 3 (logt)§ A 2 r 4 logV 4A 

It is a straightforward calculation to check that the above restriction is implied by the 
condition r > C^t* (log t)~ for some large constant C<i- For this choice one has that 

/ Ctl Ct 2 J_\ < -n 

6XP VAr3(logi)l + A 2 r 4 logV 2A ) ~ T 

3 

For a large enough constant n this term dominates C\ H — Clt2 g and we obtain f r (t) < r~ k 

Ar(log t) 2 

as desired. I 



6 Even vorticity on the exterior of the disk 

We consider now the case when Q = D(0, 1). The conformal map T is simply the identity, 
so that the Biot-Savart law becomes: 



(x - y) 1 {x-y 



*\_L 



2nu(x,t) = fo : -tt u(y,t)dy + a r -^, (29) 



l \x — yy \x — y* 12 



,r 



± 



\x 



where a is a real constant and y* = It is an easy calculation to show that the moment 
of inertia is conserved. We prove the following theorem: 

Theorem 14 Suppose that the initial vorticity is nonnegative and even (ujq(—x) = ooq(x) Vx). 

There exists a constant M 9 > such that supp co>(-, t) C {|a;| < Mg[(l + t) log (2 + i)] 1 ^ 4 } 
for some constant Mg. 

Proof: The proof follows the lines of the argument given in with the modifications 
induced by the new terms in the Biot-Savart law. Indeed, the two keys facts used in [7j are 
also true in this situation: both the moment of inertia and the center of mass are conserved 
quantities (the center of mass is at since the vorticity is even). It suffices to assume that 
t > 2 and to prove that there exists a constant C\ such that 

•E / \ C \ , _ . 

7-r "U(x,t) < -rj,, 30 

\x\ \x\ d 
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for any \x | > Ci(tlogt) 1/4 such that x is a point in the support of u)(-,t) whose distance 
to the origin is the largest possible. 

Note that u(—x,t) = u(x,t) for all x, t. Next, let x be a point as described above. 
Then, 



2tt- — r • u(x, t) 



\x\ 



\x\ 



y* 



+ 



X 



\x\ 



\x-y 

y 



*\2 



\x -y\ 2 
1 

*\2 



u(y,t) dy 



x 



\x\ 



\x-y 



\x\ 



-y~ 



\x - y\" 



For symmetry reasons, 

J (y* ± -y ± )uj(y,t)dy = 0. 

We also observe that, for any x and z we have 

1 1 z ■ (2x - z) 



{y*^ -y L )u(y,t)dy 

- r-m) u(y,t)dy. 
\x\ z / 

(31) 



\x — z\ 



\xr \xr\x — z\ 



We deduce that 



x 



2tt— — ■ u(x, t) = x ■ y 



\x\ 



* x y* ■ (2x-y*) 



\x\°\x — y 



*|2 



u(y,t)dy- x-y 



± y(2x-y) 
\x\ 3 \x — y\ 2 



u(y,t)dy. (32) 



h 



Recall that, by assumption, we always have that \y\ < \x\ in the integrands above. To 
bound the first integral, note that \y*\ < 1 so that \x — y*\ > \x\/2 and \2x — y*\ < 3|x|. 
Consequently, 



h < 



12 



\x\ 



\y*\My,t) dy< 



12 



\x\ 



uj(y,t) dy. 



(33) 



We now go to the estimate of I2 and split the domain of integration in two pieces: {\y\ < 
\x\/2} and {|se|/2 < \y\ < \x\}. For \y\ < \x\/2, we still have that \x — y\ > \x\/2 and 
1 2x — y I < 3|x|, so as in the estimate for I 1: we can bound 



x ■ y~ 



y-(2x-y) ^ 12\y\ 



|x| 3 |a; — y\ 2 
Next, for \x\/2 < \y\ < \x\ we write 
y-{2x-y) 



< 



x 



VM< 



\x\ 
~2 



x ■ y 



We infer that 



|a;| 3 |a; — y\ 2 



± y{2x-y) \y\ 2 \2x-y\ 3 
{x-y) -y —^r. < —rr. < 



|a;| 3 |a; — y\ 2 \x\ 3 \x — y\ \x — y\ 



\h\ < 



< 



12 

\x\ 3 
12 
Ixl 3 



\y\Mv,t) dy + 3 



lw|>l*l/2 



\x-y\ 



u(y,t) dy 



\y\ 2 cv (y) dy + C\\u\ 



L°° 



uj(y,t) dy 



y|>M/2 



(34) 



where we used that the moment of inertia is conserved and Lemma ^2 

Clearly relation (j3*Uj) now follows from (|32|). ()33j) . (jMj) and from Lemma ITB1 below. This 
completes the proof of Theorem El once Lemma El is proved. I 
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Lemma 15 For every fceN there exists a constant Mio(k) such that 
j u{x,t)dx < — for r > M 10 (t logt) 1/4 . 

J \x\>r T 

Proof: Let 

frif)— J (f r (x)u(x,t) dx, 

where 



\ x \2 _ r 2 



M x )=v[ — — > v(s 



Xr 2 /' ,v y l + e s ' 
and A = A(r) < 1 is a positive function to be chosen later. It suffices to prove that 

fr{t) < 

As in the proof of Proposition 1131 we deduce that f' r (t) can be written under the form 

2 ^fr(t) =11 ( . V |2 - 1 — ^ [j) ■ V^ r (x)^(x, t)^(?/, t) rfx cfy 

^)y* ± ■ V(p r (x)uj(x, t)u(y, t) dxdy 



\x — y*\ 2 



Jl 



(35) 



\x — y\ 2 \x 



1 y x ■ V<p r (x)uj(x, t)u(y, t) dx dy 



V 

where we have used relation (pTTf . 

If we follow the analysis from relation (8) to the bottom of page 1720 of [7j, then we 
find that the second term can be estimated by 

j2 - C ^ + ^ e ^- (36) 

It remains to estimate 
Jl = / / (| l —— - j^—)(y* - x) 1 - ■ V<f r {x)uj{x,t)uj(y,t)dxdy 

JJ\x\<r/2 K \ x -y\ \ x \ J 

v ' 

Li(x,y) 



\>r/2 v \ x \ \ X ~ V 

From the definition of (p r , we have that 



+ // rZTal _ *\2 y* ' ^ i Pr(x)uj(x,t)uj(y,t)dxdy. 



— ^ 



2x ,/\x\ 2 — r 2 
Ar 2 ^ V Ar 2 

For |se| < r/2, one has that ^ x ~ 2 r < —jr. Since |?/(s)| < e s , it follows that 

12 _ 
Xr 2 



Ar 2 — 2A • 

|x| 2 — r 2 \ _ j_ 
< e 2 * 
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so that, using also that \x\,r > 1, 



\Li(x,y)\ < 



\x-y 



*|2 



+ 



2 \ x ~y 



2\x\ 
Ar 2 



-e 2A < 



Ce 



which, in view of Lemma ^2 implies that 

Li(x, y)u(x, t)u(y, t) dx dy 

\x\<r/2 



Xr\x — y*\ A 



C _1_ 

< —e 2A. 
A 



c _± 
+ -re 2 >> 



(3J 



To estimate L 2 (x,y), we use again equation (J37)l and the facts that < 1 and \r}'\ < r\ 
to deduce that, for \x\ > r/2, 



\L 2 (x,y)\ 



y* ■ (2x-y*) , ± 2x ,/|a:| 2 -r 



< 



IxpAr 2 



*|2^ 
j x |2 _ r 2 



Ar 2 



Ar 2 



C 

< — ip r (x). 

Ar 4 



We infer that 



|as|>r/2 

Relations (|HH|) and now imply that 



< £fr®. 



(39) 



|Ji|<ye-^ + ^/ r (t). 



Combining this with (}35|) and (}36j) we get 



f'( r ) <£Il + - e -^ 



After integration, we obtain 



frit) < (/ r (2) + Ar 4 e"-)e^ < el 



Ct Ci 
T23I A 



(C + Ar 4 ). 



Lemma El now follows by choosing A log r sufficiently small as we did at the end of the 
proof of Proposition [TBI I 

Let us conclude with the remark that, although we assumed that ujq was smooth, our 
results hold, with minor modifications, if Uq G L p c for some p > 2. 
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